Abstract. The basic data in this paper are a disconjugate differential operator and an associated two-point boundary value problem.
1. Introduction. It is the purpose of this paper to establish some integral inequalities for real functions /, defined on a finite interval, which are positive with respect to a disconjugate linear differential operator L and satisfy certain boundary conditions.
It has been known for a long time that integral inequalities for, say, concave functions are closely related to integral representations. This point was made explicit as early as in 1916 by Blaschke and Pick [2] , whose paper complemented another one by Frank and Pick [5] which seems to be the earliest source for a converse to Holder's inequality. Implicitly in their paper was contained the following inequality which is valid for positive concave functions/,,/2: -f fx(x) dx f f2(x) dx < f fx(x)f2(x) dx. Recently-at least with respect to the long history of the subject-Karlin and Ziegler [7] generalized this inequality to the product of more than two concave functions. Generalizations of this inequality will also be the main subject of the present paper. Concavity is related to the differential operator L = -d2/'dx2. It was noted already by Blaschke and Pick that their results remain valid if -d2/dx2 is replaced by a general Sturm-Liouville operator. Karlin and Ziegler too extended their inequality to functions defined by more general second order operators and, moreover, to certain higher order selfadjoint operators. The stimulus for the present paper came from the observation that in doing so they used [7, p. 289 ] the variation diminishing property of the Green's functions associated with their operators in a way that was reminiscent of an argument employed by Bates and Gustafson [1, p. 334 ] in order to find estimates for Green's kernels of general disconjugate operators. Independently, a similar argument was used by the author in connection with integral representations for generalized completely convex functions associated with L = d"/dx" (n > 2). It therefore suggested itself to consider integral inequalities for functions which are positive with respect to a disconjugate differential operator L of arbitrary order, and to do this by using an integral representation for the cone PL of all such functions.
In §2 of this paper we will prove that PL always has a compact base BL whose extremal point set ex BL is homeomorphic to [0, 1] . The key to this is a monotonicity property of L-positive functions (see Corollary 2.3).
In §3 we show that the restriction of certain linear functionals on BL, such as /h» /* fix)g(x) dx (g G BL), to the set ex BL ~ [0, 1] have monotonicity properties which ensure that one (or both) of their extremal values is attained at the endpoints of [0, 1] . This yields a variety of integral inequalities.
In §4 we illustrate the method by considering some concrete cases. We would like to stress the fact here instead of stating it repeatedly in the results that all integral inequalities that we obtain in § §3 and 4 are sharp as one sees immediately from the proofs.
All functions to be considered are real-valued. If terms like positive, increasing, concave, etc. are meant in the strict sense this will always be explicitly stated.
Finally we want to mention that the comparison of the integral of a product of functions with the product of their integrals, although under different and weaker restrictions on the functions, is also the subject of an inequality of Grüss. We refer to [9, §2.13] for references to this and some related inequalities.
2. Function cones defined by differential inequalities. By L we will denote an ordinary linear differential operator of order n > 2, defined on a compact interval: l-±**»' (»'er with the restrictions that p" = 1 and p, G C'[a, b], 0 < / < n -1, so that the adjoint operator L* of L is at hand. Furthermore, we require L to be disconjugate on [a, b] . This means that every nontrivial solution y of Ly = 0 has less than n zeros on [a, b] (counting multiplicities) or, equivalently, that L can be written as a product of real linear factors of order 1 :
A detailed presentation of the theory of disconjugate differential operators can be found in the monograph [4] of Coppel.
By fixing an integer m, 1 < m < n -1, we determine a two-point boundary value problem:
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The disconjugacy of L entails that its solution can be obtained by using a Green's kernel G(x, t) associated with L, m: y(x) = /* G(x, t)f(t) dt. We define functions G, by G,(x) = G(x, t) and recall that, for t G (a, b), G, is in C~2 [a, b] , satisfies the boundary conditions Gt(0(a) = G,V)(b) = 0(0<i<m-l, 0<j<n-m-l), and the equality LG, = S, holds in the sense of distributions, 5, being the Dirac measure at the point /.
By disconjugacy of L, G has no zeros on (a, b) X (a, b) and (-l)n_mG(x, t) > 0 [4, p. 108 ].
Frequently, we will make use of the fact that the Green's kernel G*(x, t) for the adjoint boundary value problem
is given by G*(x, t) = (-\)"G(t, x). (Cf. [6] . We have assumed the leading coefficient of L* to be 1.) Note that as L is disconjugate, so is L* [4, p. 104]. The integral operator associated with G will be denoted by K:
• For a a-finite Radon measure p on (a, b) we put Kfi(x) = /* G(x, t) dn(t). The operator K* is defined analogously using G*.
Our main object of study will be the cone (The normalization here is different from that in [1] .) By disconjugacy of L and L*, none of these functions has a zero in (a, b). Hence they are all positive.
We summarize those results of [1] that we need in the sequel. The notation
is a decreasing function of x, linv^ kv(x, t) is finite and independent of t. Likewise, kw(x, t) is an increasing function of x, limxî6 kw(x, t) is finite and independent of t.
Proof. The monotonicity of kc(-, t) is proved in [1, Lemma 3.4] (infra, cf. also Proof. We prove only the first statement. If we apply the above lemma to G* instead of G then w* plays the role of v; hence lim,io (-1)"'G*(/, x)/w*(t)w(x) equals some constant which is independent of x. Furthermore, lim,ifl w*(t)/y*(t) _ H;*<"~m)(a)/-y*("_m>(a); therefore the product of both limits exists and is constant:
,.
(
AS IIG.II, -||w||¿ -l,c=l. D Actually, the convergence is even uniform on compacta. This will follow from the fact that BL is compact, and the essential tool in proving this is provided by another corollary to the lemma of Bates-Gustafson. Cf. [3, Theorem 3.6] for a similar result. Proof. It is sufficient to give a proof for/ G QL. In this case, fix
As |G,|/1> is decreasing and ( In particular, the two limits in Corollary 2.2 are uniform on compact subsets of (a, b) and hence v and w lie in BL, a fact that we had not established as yet.
As a consequence, one has that the following class of functions is contained (and dense) in PL:
This is immediate from wim-l\a)
Before we proceed to describe the extremal structure of BL, we remark that for any a-finite Radon measure ¡u on (a, b) the continuous function g = Ap on (a, b) satisfies Lg = p in the sense of distributions.
This results from Lagrange's formula:
The notation Ga = w, Gb = v will be useful. 
where vf is the measure on (a, b) defined by dv^t) = d¡ij(t)/y*(t).
If/ = G,, t G (a, b), then by the remark preceding this proposition «,/>•(') = (-ir"mLG, -LKvj = vf; thus G, has the unique representing measure ¡if = 8, and is therefore extremal.
Likewise, if / = w or / = v, we get 0 = (-l)"~mLf = *y, i.e., / = ¡ij({a})w + lij({b})v. As v and w are not proportional, both are in ex BL.
By the same argument, the measure vf and hence also ¡if are uniquely determined for each / G BL. Therefore BL is a Bauer simplex with ex BL homeomorphic to [a, b] . This implies the metrizability of BL. Concerning this notion, the key result in our situation is Lemma 3.2 below. Its proof employs a result which in essence is due to G. Pólya [11] (cf. also [4, p. 94] is increasing on (a, b) (resp. decreasing, reshaped, U-shaped), then Kf/Kg is also increasing (resp. decreasing, n -shaped, u -shaped).
Proof. We prove only the statement for n -shaped functions; the others follow similarly. As f/g is the pointwise limit of strictly n -shaped functions, we may as well assume that f/g itself is strictly n -shaped. Therefore f/g attains each value c G R at most twice in (a, b), i.e., h = f -eg has at most two zeros in (a, b). By Proposition 3.1, Kh = Kf -cKg also has not more than two zeros in (a, b) for each c G R; thus Kf/ Kg is either n -shaped or u -shaped. If f/g takes a value c at two different points of (a, b), then / -eg < 0 near a and therefore (-\)"~mKf -c(-\)n~mKg < 0 near a. As the operator (-\)n~mK is positive, we get Kf/Kg < c near a, and we conclude that Kf/ Kg is n -shaped. □ 7(/) = 7bl \ , i , forfGPL,f^O, It is useful to observe that the following slight extension of this lemma is also valid, which is proved by an obvious approximation argument:
If p is a bounded Radon measure on (a, b) for which there is a sequence of continuous functions fn on [a, b] such that f"/g is increasing (resp. decreasing, n-shaped, u -shaped) and p = limn_>00/n weakly in the distribution sense, then Kfi/Kg is also increasing (resp. decreasing, n -shaped, u -shaped).
A typical application of the lemma is the following result: and see that if h/g is increasing (resp. decreasing, n-shaped, or U-shaped), then / inherits the same property (apply Lemma 3.2 and the subsequent remark to K* instead of K). By using Ga = w and Gb = v the proof follows at once. □ Therefore gk/vx attains each value c > 0 at most twice in (a, b), so it is either nor u-shaped. As gk/vx converges pointwise to (-\)"~mG,/vx, this function is also either n -or u -shaped. Because it is positive and has zeros at x = a and x = b,it is n-shaped. □
The case vx = 1 is of special interest. Sufficient for L = L0D is LI =0, but still L0 need not be disconjugate on [a, b] . holds, where c = min(/*u2(x) dx, fbv(x)w(x) dx, fbaw2(x)dx) and v, w are normalized by \\v\\x = \\w\\x = 1. Moreover, if v/vx is increasing, then the minimum is attained by one of the two numbers to the right, and if w/vx is decreasing, it is attained by one of the two numbers to the left.
Proof. Bl is to be defined by taking y(f) = \\f\\x. The bilinear functional In the case n = 2, Theorem 3.3(c) yields an inequality which is partly known: 4.1(b). If/ is concave and positive on [0, 1] and h is n-shaped and symmetric (i.e., h(x) = h(\ -x)), then
where h is defined by /t(x) = 4min(x, 1 -x)h(x). (The left half of the inequality is due to Levin and Steckin [8, p. 3] . For this part of the result, positivity of / is unnecessary, as can be seen by adding a suitable constant to/) Proof. We have v(x) = 2x. As h is symmetric, c, = c2 in Theorem 3. Finally we want to illustrate the use of Theorem 3.7. We restrict ourselves to n = 2. From this the result follows by some easy computations. □ The next example behaves rather similarly to the foregoing one, except that now L0 has a strictly smaller range of disconjugacy than L. 
